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ABSTRACT

The monocrystal elastic behaviours of twenty four hexagonal close packed (HCP) metals at room temperature are
reviewed based on published values of their monocrystal elastic constants. In particular, the angular variation of the
Young’s Modulus (E) and the Rigidity (Shear) Modulus (G) are determined using general equations developed by
Voigt [1928] and comparisons between the different metals presented graphically. The consequences of anisotropic
monocrystal behaviour on the elastic behaviour of polycrystals composed of randomly oriented grains (crystal
aggregates) are explored using a three dimensional spherical analysis together with the analytical methods of Voigt
[1889] and Reuss [1929], and comments made on the consequences of non-randomly oriented grains.
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1. INTRODUCTION

There is considerable experimental information on the elastic constants of metal monocrystals and mineral crystals.
However, a comparative examination of behaviour between all HCP metals stable at room temperature, particularly
a single source graphical comparison, is both desirable and useful. The physics upon which elastic constants are
based and the relationships between the constants and crystallography are well established. However, the language
of crystal physics is somewhat complex, involving conventions and procedures which are not immediately obvious
to the non-specialist. Consequently, some general comments relating to the basic terminologies of stresses and
strains, tensors and matrices, and crystal structure are presented first, followed by an examination of the elastic
behaviour of HCP monocrystals and subsequent effects on polycrystals.

2. BASIC TERMINOLOGY
2.1. Stress and Strain.

Consider a stressed cube of metal crystal where the normal to the cube faces are parallel to cube edges having
orthogonal axial directions X3, X, and X3, as shown in Figure 1.

(b)

Figure 1. (a) Stress notation; (b) Strain notation.

Stresses ¢ and strains ¢ are identified by means of two subscripts which for convenience will be identified as i and j
for stresses oy, and k and | for strains g, with each subscript having a value 1, 2 or 3. Considering stresses, the first
subscript i denotes the axial direction X; of the force transmitted across the cube face and the second subscript j
denotes the axial direction X; of the normal to the cube face. Thus, referring to Fig. 1a, o131, 6,,and o33 (i.e. c;) ) are
the normal tensile stress components parallel to the X;, X, and X; axes, respectively and o3 o3, 621,031, 0;2 and
o3, (i.e. ojj)) are shear stresses lying in the plane normal to X;. For tensile strains the subscripts k and | also have a
value 1, 2 or 3 and denote the axial direction X, of the strain (extension) and the axial direction X, of the tensile
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force. Consequently, referring to Fig. 1b, gy, €5, and €33 (i.e. ) (are tensile strains (fractional extensions) parallel
to the X, X, and Xz axes, respectively. The shear strains g, are due to a rotation towards the X axis of a line
element parallel to the X, axis. For example, ¢,; indicates a rotation towards the X, axis of a line element parallel to
the X5 axis, which obviously involves a rotation about the third axis X,

X3 E3=83,=7Y12 X3 Y=2E23+E32

€23

"}832 XZ x2

(@) (b)
Figure. 2. Relationship between (a) tensor shear strain pairs and (b) engineering shear strain y.
The shear strains are angles measured in radians. For example, if a pure shear stress (torque) is applied to cause a
rotation about the X; axis the resulting pure shear strains g,; and &3, are shown in Fig. 2. Note that the engineering
shear strain vy is the sum of the shear strains &,3 + €3,. The consequences of this are discussed later in relation to
compliances.

2.2. Elastic Stiffness and Compliance.
Elastic materials exhibit a proportional relationship between an applied stress ¢ and the resulting tensile strain g,
provided the strains are small. The resulting linear relationship is known as Hooke’s Law. In engineering, the
constant of proportionality is known as the tensile elastic modulus E (Young’s Modulus) and the usual form of the
relationship is given by Eg. (1) where o is a uniaxial stress and ¢ is the strain elongation in the direction of the
applied stress:
c=Eeg Q

In fact, Equation 1 describes a uniaxial stress situation with three dimensional strains (elongation strain plus lateral
strains dependent upon Poisson’s ratio) and is more formally stated in elasticity in terms of the compliance S with ¢
as the dependent variable:

e=So 2
where S is the reciprocal Young’s Modulus (1/E).
In analogous manner, a three dimensional stress situation with uniaxial strain is expressed in terms of the stiffness C
with the stress in the direction of uniaxial strain being the dependent variable:

c=Ce 3)

2.3. Tensors and Matrices.
Note that in general C # E. and the elastic relationship between stresses and strains in crystals must be stated in a
more generalized manner:

Gjj :Cijklskl and g, :Sklijcij 4)

In Eq. (4), Cjjq are stiffness constants of the crystal and Sy;; are the compliances of the crystal and both are a fourth
rank tensor (Wooster, 1949; Nye, 1985). Figure 1 shows there are nine forms of o; and nine forms of g so that the
generalized Eq. (4) leads to 81 Cjy stiffness coefficients and 81 Sy;; compliance coefficients which form a fourth
rank tensor represented by a symmetrical 9 x 9 array of coefficients. Thus, Eq. (4) becomes:

Full tensor notation Full tensor notation

_Gll ) _Cllll CllZZ C1133 CllZ3 C1131 C1112 C1132 C1113 C1121 __811_ _811 ) 781111 81122 51133 S1123 81131 S1112 51132 S1113 S1121 7_011 i

SpY) Caa11 Cazzo Caass Cozoz Cazat Conta Cooza Conts Conan || €22 €2 Soa11 Sa222 Sa233 Szo2s Soza Sazrz Szose Szors Sz || G2

Oz Casit Cazze Casas Casos Caanr Caare Cazaz Caars Cazan | €3 €33 S3a11 Sasz2 Ssass Sases Ssaar Sastz Ssaz Ssa1s Sasar | O

023 C2311 C2322 C2333 02323 C2331 C2312 CZ332 CZ313 C2321 823 S23 S2311 S2322 82333 52323 52331 82312 82332 S2313 52321 023 (5)
031 = C3111 C3122 C3133 C3123 C3131 C3112 C3132 C3113 C3121 831 S31 = S3111 83122 83133 83123 83131 S3112 83132 83113 83121 631

012 C1211 ClZZZ 01233 C1223 C1231 ClZlZ C1232 ClZl3 C1221 S12 812 S1211 S1222 81233 81223 S1231 81212 81232 81213 S1221 012

G32 C3211 CSZZZ C3233 C3223 C3231 C3212 C3232 C3213 C3221 832 832 53211 53222 53233 53223 S3231 S3212 S3232 83213 S3221 632

O3 Ciats Ciszz Ciazs Cizos Crazt Crare Cuzze Ciats Crann | E1s €13 Sis11 Sisze Siass Siazs Sizar Siarz S1sz2 Sists Sisar | O1s

021 Clel CZlZZ 02133 CZIZS C2131 CleZ C2132 C2113 CZiZl_ 78217 821_ _82111 82122 S2],33 S2123 S2131 S2112 S2],32 S2],13 S212],__($21
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The physical meaning of each Cjy is obtained by considering a set of applied stress components where all
components of strain vanish except for either one normal component or a pair of shear components. An example
with one normal component of strain is oy; =Ci111€11 (i.€. oji =Cjiee Where i= k). A situation corresponding to one
pair of tensor shear components is 6,3 = Cpsagzs + Cassoese (Where i # j, k # 1) Similarly, the meaning of each Sy is
obtained by considering a set of applied strain components where all components of stress vanish except for either
one normal component or a pair of shear components. An example with one normal component of stress is given by
the situation where €1, =S;111611 (i.€. €ji =Siiex Where i= k). The situation corresponding to one pair of shear stress
components is given by €,3 = Sy303023 + S;33,03; (Where i #j, K #1).

The number of suffixes on the stiffness and compliance may be decreased by considering the static equilibrium of a
stressed cube in Fig. 1. It is evident that 61, = 651, 613= 631 and o3 = o3, otherwise rotations occur. Similarly, g, =
€21, €13 = €31 and &3, = €23 The ability to interchange suffixes i and j in oj;, and suffixes k and I in gy, implies that it is
unnecessary to distinguish between i and j or between k and | (e.g. o3 = 635, €12 = &,;). Consequently, following
from Voigt [1928)], it has become common practice to use a contracted matrix notation with single number suffixes
instead of pairs. The relationship between pairs (ij or kl) and single numbers (m or n) is shown below:

ij or ki 11 22 33 23,32 31,13 12,21
! ! l ! ! !
morn 1 2 3 4 5 6

Equation (5) may now be rewritten as Eq. (6) in the contracted tensor notation where the engineering shear strain
v23= (€23te€32), v31= (€atews) and vyi,= (e1ptey), according to Fig. 2. Also, using the contracted notation
G11 =01, 022 —>02, G33 —>03, 023 —>04, G31 —>05, O12 —>O¢, 023204, €11—>€1, €20>€2, €33E€3, V23>V4, V32>V4, V31>Y5,
and . Y12—>Ye-

Contracted tensor notation Contracted tensor notation

_01 | _Cu Ci2 Ci3 Cyy G5 Cp Cyy Cps Cyg “81 1 _51 ] _Su S12 Si5 Si4 Sis Si6 14 Sis Sy "01 1

S Cp2 Cp Cpy Cpy Cp5 Cp Cpy C5 Cig || 2, €, S12 S22 Sz3 Sas Sas Sz6 Sas S2555 | 02

O3 Ci3 Cy3 Cg3 Cay Cg5 Cgs Cy Cys Cy | 25 €3 S13 S23 Sga Sas Sgs Sz Sas S35 | O3

G4 | | Cus Caou Coy Cay Cus Cus Cuy Cus i | 7412 Val2| | S14 So4 Sas Sas Sus Sue Sas SasSus || O (6)
05 | =|Cys Cp5 Cg5 Cys Co5 Csg Cys Cos Cp || 75/2 Y512 |=| Si5 Sps S5 Sus Sss Sss Sus Ss55s6 || O

O¢ Cis Cs Ca5 Cup Cys Cog Cus Csg Cos || V6 /2 Yel2 Sis Sz6 Sz Sug Sss Ses Sus Ss65ss || T

Gy CuCpyCyyuCplyCusCpe Cpy Cus Cu || v, /2 Y, l2 S14 Sos S34 S4q Sas Sas Sas SusSug || 04

Os Cis Cos Ca5 Cs Cog Cog Cus Cog Co || 7572 vs/2 Sis Sps Sag Sus Seg Seg Sus SesSeg || O
L O | _C1s Cy6 C35 Cus Cos Cos Cus Css Coo 1LY /2, R /2_ _516 S,6 Sa6 Sus Sss Ses Sas Sss Ses__o_s

After summing each tensor equation represented in Eq. (6) it becomes evident that all the relationships between
stresses, strains, and stiffness coefficients, and strains, stresses and compliance coefficients, may each be represented
by a symmetrical 6x6 matrix as shown in Eq. (7):

C- Matrix S- Matrix S-Matrix, ¢-factors included
_51_ _Cn Cp, G G, Cis Cyg “81 | _51 | _Sn Sz Siz 28y, 2555 25, __Gl_ _81 | _Sn S12 S13 S14 Si5 Si6 “51_
O, C12Cp Cps Cpy Cys Ci | &2 € Si2 Sy Sy 25y 255525y | oy € S12 Sg2 Sz Sau S5 5 | 02
O3 |_ Cis Cp3Cy3 Cyy Cys Cyg | &5 & | _ Siz Sas Sgy 284 2545 254 | o5 & | _ S13 823 533 S34 S35 S5 | O3 ()
Gy CuuCuCyClCuiCup|vs Y4 2S,, 25,4 255, 45,, 45,5 4545 | 0, Y4 S14 Sas Sas Sus Sus Sue | O4
Os Cis Cps C35 Cys C5 Csg | Vs ¥s 28,5 28,5 2545 4S5 4545 4S5, | O Ys S1s S5 Sg5 Sus Sss S | Os
L O | _C16 Cas Cas Cus Css Cse_f/e, Ve _2515 28,5 2835 455 4S54 4366_7064 ROA _SlG Sz Szs Sug Sss SSG_,GG,

When the pairs of suffixes mn on the matrix shear compliances, Sy, are such that m or n are both 4, 5, or 6 the
compliance Sy, is multiplied by a factor (¢) of 4 (e.g. 4Sss, and 4Sgg). When either m or n are 4, 5, or 6 the
compliance Sy, is multiplied by a factor (¢) of 2 (e.g. 2S16, 2535, 2S24). All other compliances have a multiplying
factor of unity. The consequences are such that it is standard recommended practice [Voigt 1928; Nye 1985] when
using or measuring compliance values that the multiplying factor (¢ ) is always included in the reported value (e.g. it
is implicit Sy4 = 4Sy44). All compliance values reported in the present study follow this practice. [N.B. Wooster’s
[1949] treatment does not include multiplying factors of 2 or 4 in his reported S values. They must be applied later.]

2.4. Effects of Crystal Symmetry on C and S Matrices.

The number of independent coefficients in the 6 x 6 matrix array is reduced from 36 to 21 by a centre of symmetry
(e.9. Ci» = Cyy, Ci3 = Cag ....; S1p = Spq, Si3 = Sa..., €tC.) as evident in Eq. (7), and is further reduced by other
symmetry elements such as axes of rotation, mirror planes and inversion such that some constants are zero and
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others have equal values. The resulting effect for hexagonal crystal structures of all classes is to reduce the number
of independent elastic constants to six [Voigt, 1928; Nye, 1985; Hearmon, 1979], as shown in the symmetrical 6 x 6

matrices in Eq. (8):

6,| [CuCpCue o o & & SuSpSye o o o
O, CprCyCpue o o g, €; S Sy Sz o o |oy
O3 |_ Ci3C;3Cye o o g, €3 Si3S3530 o o Jo 8)
o, e o o C44 e o Ya Ya e o o 844 e o c,
Gy e o o o C,oe |, Ys e o o o S5, e |o;
Cs] | ® * o o Cylvs Yo e o o o o S, |o

Ces = (C11 - Clz)/2 Ses = 2(311 - Slz)

The 6 x 6 matrices in Eq. (8) are related to each other via matrix inversion. Consequently if the compliances (Syn)
are known then the corresponding stiffness constants (C,,) may be obtained via matrix inversion and vice versa.
This is important because initial compliance measurements were most easily measured via static techniques such as
bending and torsion tests [Hearmon, 1946] whereas stiffness may not be measured in this manner (e.g. it is difficult
to conduct a static tensile test for a uniaxial strain situation because three orthogonal stresses are necessary).
However, experiments involving propagation of longitudinal and transverse elastic waves allow measurement of the
Cumn because the tensile stiffness in a specific direction is related to the density of the test material and the velocity of
the longitudinal wave in the same direction [Rowland and White, 1972; Gebrande, 1982; Blessing, 1990; Lim et al.
2001]. Similarly, the shear stiffness on a specific plane is related to the velocity of the shear wave on that plane and
the density of the test material.

3. METAL HCP CRYSTALS

3.1. Crystallography.

The crystallographic nature of the hexagonal metal structures is shown in Fig. 3. The unit cell in (a) has two axes a;
and a, of equal length inclined at 60°, and an orthogonal axis of different length c. Fig. 3(b) shows the principal
crystallographic directions in the (0001) basal plane expressed in the Miller-Bravais system [Cullity, 1956] using
four axes composed of three planar a-axes (a; = a, = a3) at 120° to each other and the orthogonal c-axis. Fig 3(c)
shows the relationship between the orthogonal X-axes in Fig. 1 and crystallographic directions.

¢ [1120] a B [0001]

? c 3 [2110] X3

; 11100]

3 ogo [1210] < [12]__0] a2 900

! 90 . ;

S ay 5 ao - — X3

120 - [0110] (0% -
a a; \ 90° [0110]
a;=ar=az 2110 M >
[ a, ] oo 11129
(@) (b) (c)

Figure 3 HCP metal crystallography.(a) Unit cell showing the a;, a,, and c-axes. (b) Directions in Miller-Bravais indices.
(c) Relationship between X,, X, and X3 axes in Figure 1 and crystallographic directions.

When defining and measuring compliance and stiffness constants it is most important that the orthogonal axes X; X,
and Xz in Fig.1 conform to standardised orthogonal directions in the HCP crystals (Nye). These directions are shown
in Fig 3(c) where X; = [21 10] i.e. the a;-axis, X, = [0110] and X; = [0001] i.e. the c-axis. All S and C constants
are reported with respect to these axial directions. For example in Fig.1, o33 and 33 correspond to tensile stresses

and strains in the [0001] direction and Sz3 and Cs3 correspond to the compliance and stiffness constants, respectively,
measured in the [0001] direction.

3.2. HCP Metals Examined.

Twenty four hexagonal structured metals with an atomic number (At. No.) ranging from 4 to 81were examined. All
belong to the crystal class P6s/mmc. They are listed in Table 1 in order of their At. No., together with their c/a ratio
and density (p) obtained from Metals Handbook [1985]. The ideal c/a ratio required for close packing of spheres to

form the HCP structure is 1.633 (i.e. ﬂ/S).
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Table 1. Hexagonal crystals studied with c/a ratio and density p.

At. Metal cla p At. Metal cla p

No. (gem®) No. (gecm?®)
4 Be a-Beryllium 1.56803 1.85 60 Nd o-Neodymium* 3.22404 7.00
12 Mg Magnesium 1.62350 1.74 64 Gd a-Gadolinium 1.58791 7.86
21 Sc a-Scandium 1.59215 29 65 | Tb a-Terbium 1.58056 8.25
22 Ti a-Titanium 1.58734 4.51 66 Dy a-Dysprosium 1.57382 8.55
27 | Co a-Cobalt 1.62283 8.85 67 | Ho a-Holmium 1.56983 8.79
30 | ZnZinc 1.85635 7.13 68 | Ero-Erbium 1.52877 9.15
39 | Y o-Yttrium 1.56986 447 69 | Tm oa-Thulium 1.57932 9.31
40 Zr a-Zirconium 1.59312 6.49 71 Lu a-Lutetium 1.57143 9.85
44 Ru Ruthenium 1.58330 12.45 72 | Hf a-Hafnium 1.58147 131
48 Cd Cadmium 1.88572 8.65 75 Re Rhenium 1.61522 21.0
57 La o-Lanthanum? 3.22546 6.15 76 Os Osmium 1.57993 22.61
59 | Pr o-Praseodymium? 3.22616 6.77 81 | Tl o-Thallium 1.59821 11.85

Three metals La, Pr and Nd have the DHCP (double HCP) structure where the stacking of close packed planes
follows the order ABACABAC instead of the usual HCP sequence ABAB [Nareth, 1969]. Consequently, close
packing under these conditions leads to an ideal c/a ratio of 3.3256. Overall, most of the metals were lower and
within -0.1 of their ideal c/a ratio, except for Cd and Zn which exceeded the ratio by 0.223 and 0.194, respectively.
Values for the five independent stiffness and compliance constants of all twenty four hexagonal metals were
obtained from the published literature and listed in Table 2. Most were obtained from the data compiled by Hearmon
[1979]. Additionally, as noted at the foot of Table 2, constants for the metals La, Os, Tm and TI were obtained from
(a) Ouyang et al. [2009], (b) Pantea et al. [2008], (c)Lim et al. [2001] and Singh [1999], and (d) the combined
averages of Ferris et al. [1963] and Weil and Lawson [1966]. A matrix inversion of C to S, and vice versa (see Eq.
(8)), was conducted by the author to confirm consistency between the stiffness and compliance values. In some
instances only C-values were measured and reported, in which case the author used matrix inversion to obtain the
corresponding S-values. In the case of La no experimental measurements were available, possibly due to the
difficulty of growing single crystals of the DHCP a-phase which were free from the metastable FCC B-phase phase
at room temperature [Stassis et al.1982, Dixon et al. 2008]. Consequently, the theoretical stiffness calculations of La
by Ouyang et al [2009] were employed because their work shows reasonable correlation between measured and
theoretical values in other hexagonal metal crystals.

Table 2. Stiffness and Compliance Data. Hearmon [1979], unless indicated otherwise.

Metal Stiffness Constants (GPa) Compliance Constants (TPa)*
Cll C33 C44 C12 C13 S11 S33 544 S12 513

Be 292 349 163 24 6 3.45 2.87 6.14 -0.28 -0.05
Mg 59.3 61.5 16.4 25.7 21.4 22.0 19.7 60.98 -7.75 -4.96
Sc 99.3 107 27.7 39.7 29.4 12.46 10.57 36.1 -4.32 -2.24
Ti 160 181 46.5 90 66 9.62 6.84 215 -4.67 -1.81
Co 295 335 71 159 111 4.99 3.56 14.08 -2.36 -0.87
Zn 165 61.8 39.6 31.1 50 8.07 27.55 25.25 0.606 -7.02
Y 77.9 76.9 24.3 29.2 20 15.44 14.4 41.15 -5.10 -2.69
Zr 144 166 33.4 74 67 10.20 8.01 29.94 -4.09 -2.46
Ru 563 624 181 188 168 2.09 1.82 5.525 -0.576 -0.408
Cd 116 50.9 19.6 43 41 12.20 33.76 51.02 -1.32 -8.763
La® 51.44 54.63 | 13.92 17.27 10.4 22.35 19.42 71.84 -6.91 -2.94
Pr 49.4 57.4 13.6 23 14.3 26.60 19.32 73.53 -11.28 -3.82
Nd 54.8 60.9 15.0 24.6 16.6 23.66 18.53 66.66 -9.45 -3.87
Gd 67.25 7155 | 20.75 25.3 21 18.15 16.12 48.19 -5.686 -3.659
Th 68.55 73.3 21.6 24.65 22.4 17.68 16.0 46.30 -5.10 -3.84
Dy 74 78.6 34.3 25.5 21.8 16.03 14.48 4115 -4.59 -3.17
Ho 76.5 79.6 25.9 25.6 21 15.32 14.1 38.60 -4.33 -2.90
Er 84.1 84.7 27.4 29.4 22.6 14.10 13.2 36.50 421 -2.63
Tm© 92.5 81.5 28.2 335 21 12.82 13.42 35.46 -4.133 -2.237
Lu 86.2 80.9 26.8 32 28 14.28 14.79 37.30 417 -3.50
Hf 181 197 55.7 77 66 7.15 6.13 18.0 247 -157
Re 616 683 161 273 206 2.11 1.70 6.210 -0.804 -0.394
0s® 765 846 270 229 219 1.501 1.334 3.704 -0.365 -0.294
TIO 41.35 53.85 | 7.23 36 29.45 104.5 31.80 138.3 -82.40 -12.12

(a) Ouyang et al. [2009]: (b) Pantea et al. [2008], (c) Lim et al. [2001] except Cy3 which is the average of the
interpolated value of 25 GPa by Lim et al. [2008] and a calculated value of ~17 GPa by Singh [1999]: (d) Average
of data from Ferris et al [1963] and Weil and Lawson [1966].
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3.3 Stiffness.

The most important aspect of uniaxial strain conditions is the three dimensional stress state where the presence of
lateral tensile stresses allows no lateral strain contractions i.e. Poisson’s ratio is zero. This is readily evident from an
examination of the stiffness (C) relationships in Eq. (8), leading to Eq. (9), for uniaxial strains ,, €, and &3 :

g (e, =83=0): 6, =C ey, 0, =Cpey, 0;=Cpe;
€, (g, =83=0): 6, =Cp&,, 0, =Cp8,, 63=Cpe, )
g;1(e,=¢,=0): 03 =Cgye,, 0, =Cp38;, 0, =C38,

3.4 Young’s Modulus E and Rigidity (Shear) Modulus G.

The tensile modulus E is the constant of proportionality between stress and strain under uniaxial stress loading as
measured in the direction of the applied stress (i.e. a three dimensional strain situation). It has wide application in
engineering design. Examination of the compliance (S) relationships in Eq. (8) under a uniaxial stress c;, ©, or o3
yields the relationships shown in Eq. (10) where it is evident that E is the reciprocal compliance S™:

c,:(c,=0,=0): E =o,/g = (511)71 €, = 5,04, &5 = 5,30,

(2110)

c,:(c,=0;,=0): E =o0,lg, = (811)71 € = 5,,0,, & = 5,30, (10)

(0110)

. . 1
c;:(0, =0,=0): E(ooo1) =03/¢e; = (Sg) € = S1303, €, = 5130,

The subscripts (Zi 10), (0110) and (0001) in Eq. [10] refer to the crystal plane lying normal to the direction of
the uniaxial stress (see Figs. 3 and 4) and the corresponding E values are listed in Table 3.

(0001) (0110) (2110) (1011) (1121)
@ (b) © (d) O

Figure 4. Orientations and Miller-Bravais indices of principal planes in hexagonal crystals (a) basal plane, (b) primary
prismatic plane: (c) secondary prismatic plane: (d) primary pyramidal plane and (e) secondary pyramidal plane.

For uniaxial stresses o, 6,, and o3 the corresponding average Poisson’s ratios, v; v, and v are obtained:

v, = —(g;, +&3) _ —(Sp, +Sp3) . v, = —(g, &) _ —(S1, +Sp3) C oy, = —(g, +¢) _ —(Si3+Sp3) ; (11)

! 2¢, 2, 7 2, 25, P 2, 2S.,

The negative sign in the formulae for Poisson’s ratio in Eq. (11) is introduced because the lateral strains are usually
contractions (negative strain) and it is conventional to express v as a positive number. Note that the ratios of the two
components S;,/S;; and S13/Sy; in vi and v, are unequal leading to different lateral strains in orthogonal directions X;
and X; in the (2110) prismatic plane and orthogonal directions X, and X in the (0110) prismatic plane (see Figs.
3 and 4). Zinc is an unusual metal because S;, has a positive value (see Table 2) indicating that there is an expansion
along the c-axis in the X3 direction on the prismatic planes (i.e. a negative v of -S;,/S;; = -0.075 in the X; direction).
Similar negative v-values on prismatic planes of Zn have been reported previously [Lubarda and Meyers, 1999]
Although uncommon, negative v-values are not forbidden by thermodynamics and have been reported for several
metal crystals of cubic symmetry when stretched in the [110] direction [Baughman et al., 1998] and in the mineral
cristobalite [Yeganeh-Haeri et al. 1992]. Based on Eq. (11) average values of Poisson’s ratio v; and v, on the
prismatic planes, and v; on the basal plane, are listed in Table 3.

Conditions of pure shear are produced under torsional loading where the stresses involved are readily seen by an
examination of Figs. 1, 3 and 4. If torsion is produced on the (21 10) prismatic plane by rotation around the X axis

the shear stresses involved are o3; and o5, (i.e. o5 and o in the contracted notation). Similarly, torsion produced on
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the (0110) prismatic plane by rotation around the X, axis involves the shear stresses o3, and o1, (i.e. o4 and o),
whereas torsion on the (0001) basal plane via rotation around the X3 axis requires the shear stresses o3 and o3 (i.e.
o4 and o5). Consequently, from Eq.(12), the average shear compliances Sg on the (2110), (0110) and (0001)
planes are obtained:

s €5/05+€5/05 | | Ses +Sgs | | Sas+25,, —2S,,

G(2110) — 2 - 2 - 2

Se ot {34/04 ;ae/cﬁ}{s“;s% } :[544 +2s211 —2812} (12)
S :|:84/G4+85/65:|:|:S44+555:|:S

G(0001) 2 > 44

Hence, the shear modulus G on each crystal plane is simply the reciprocal compliance (Sg)™ and is listed in Table 3
for the different hexagonal metal crystals.

Table 3. Young’s Modus (E ), Poisson’s Ratio v, and Shear Modulus (G )

E(zIIO) ' E(o110) E 0001) (Vl)(ZHO) ’(VZ)(OHO) (V3) tooon) G(zIIO) ’G(o110) Gooony
Metal (GPa) (GPa) (GPa) (GPa)
Be 290 348.4 0.0479 0.0174 147.1 162.3
Mg 455 50.76 0.289 0.252 16.6 16.4
Sc 80.3 94.67 0.263 0.212 28.7 27.7
Ti 104 146.2 0.337 0.265 39.9 46.5
Co 200 280.9 0.324 0.244 69.5 71.0
Zn 124 36.3 0.397 0.255 49.8 39.6
Y 64.8 69.44 0.252 0.187 24.3 24.3
Zr 98 124.8 0.321 0.307 34.2 33.4
Ru 478 549.5 0.235 0.224 184.2 181
Cd 82 29.62 0.413 0.259 25.6 19.6
La® 447 51.49 0.220 0.151 15.3 13.9
Pr 37.6 51.76 0.284 0.198 13.4 13.6
Nd 423 53.97 0.281 0.209 15.1 15.0
Gd 55.1 62.04 0.257 0.227 20.9 20.8
Th 56.6 62.5 0.253 0.240 21.8 21.6
Dy 62.4 69.06 0.242 0.219 24.3 24.3
Ho 65.3 70.92 0.236 0.206 25.7 25.9
Er 70.9 75.76 0.243 0.199 27.4 27.4
Tm®© 78 745 0.248 0.167 28.8 28.2
Lu 70 67.6 0.269 0.237 27.0 26.8
Hf 140 163.1 0.283 0.256 53.7 55.6
Re 474 588.2 0.284 0.232 166 161
0s® 666 749.6 0.220 0.220 269 270
TI® 9.57 31.45 0.452 0.381 391 7.23

3.5 Representation of Angular Anisotropy of E and G.

While the magnitude and anisotropy of the elastic moduli is indicated in Table 3 for the three principal planes, it is
desirable to know the full effect of differently oriented planes on the values of E and G in hexagonal crystals. For
example, consider a plane which makes intercepts x, y and z on the X; X, and X3 axes, respectively, as shown in Fig.
(5a). Let the direction of the normal (N) to this plane make an angel 6 with respect to the X3 axis. The X; X, and X;
axes are now rotated to the positions X;, X, and X5 while remaining orthogonal so that the angle between X; and

X5 is 0, as shown in Fig. 5(b). It is evident from Eq. (10) that the tensile compliance on the xyz plane is S;, with a
corresponding tensile modulus E, =(S4,) ™. Similarly, from Eq. (12), the shear compliance on the same plane is

St =(S), +Sk)/2 and G, =(SL)™, where Si,, S;, and S/, are calculated with respect to the new (transformed)
axes Xi, X, and Xj. [N.B. While S, = Sss when using the standard X; X, and X3 axes as shown in Eq. (12),
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S, # Ses When referred to the transformed axes [Voigt 1928]. Furthermore, transformation of compliances to the

new axes must be conducted in the full tensor notation (see Eq. (5)) after which values may be converted to the
contracted matrix notation [Nye 1985]. Transformation is a tedious procedure aided by the resulting cylindrical
symmetry of the compliances with respect to the c-axis of the unit cell. Calculations of the transformed compliances
were first conducted by Voigt [1928, pg. 746-747] to yield Egs. (13) and (14):

[0001]
X3 -
X
,,,,,,, P

0
“.. [o11]
“a |
X2

(b)
Figure 5. (a) Direction (0 degrees) of the normal N to the plane xyz with respect to X3 (b) Transformed orthogonal axes X/,
X5 and X} such that X3 is rotated by 6 to coincide with N direction.

Si, =S, (sin® 0) + S,;(cos* 0) + (2S5 + S,,)(cos® B)(sin’ ©) (13)

SL =(Sl, +5%)/2=S, + (S — Sy, —0.55,,)(siN? 0) + 2(Sy, + Sy — 2S5 — S, )(cOs > Osin’ 6) (14)

Voigt’s [1928] original equations were written in terms of cos?0 and (1-cos®0). In Eqgs. (13) and (14) the original (1-
c0s’0) terms have been replaced by sin’. Note that when 6 equals 0° and 90°, Eq. (13) shows that (Sh) ™t is
equivalent to (Ss5)™ and (S11)™, respectively, consistent with Eq. (10). Similarly, in regard to Eq. (14), S IS
equivalent to Sqs when 0 = 0%, and S;; is equivalent to (S,, +2S,, —2S,,)/2 when 6 = 90°, consistent with Eq. (12).

Based on Egs. (13) and (14), together with the relationships E, = (S4,) ‘and G, = (S;) ™ the angular variations of

Young’s modulus (E) and the shear modulus (G )for all metals listed in Table 1 may be represented graphically, via
0 versus E and 6 versus G diagrams . This is shown for the three metals Zn, Mg and Cd in Fig. 6 where the main
consideration determining the combination was a reasonable similarity in magnitude between the E moduli and G
moduli of each metal. It is readily evident that Zn and Cd are markedly anisotropic in behaviour, particularly Zn,
whereas Mg tends to be considerably less anisotropic. Furthermore, the cylindrical symmetry of the behaviours of E
and G with respect to the X; axis (i.e. c-axis, [0001] direction) is evident in Fig 6, and evident in subsequent Figs. 7
and 8, via the mirror image of the angular data on either side of the X5 axis.

E (GPa) G (GPa)

Zn Zn
50 [

100 4ar

30 g cd
50 L . 20 - \’J
Mg Mg
X3 0r X3
N\%Tj}«“ N\%Tjﬁ("‘

L L L L L L ol . L L L L
0 90 -60 -30 0 30 60 90 90 60  -30 0 30 60 90

0 (degrees) 0 (degrees)

Figure 6. Angular variation of E and G for Zn, Cd and Mg
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The other twenty one metals investigated were also grouped in figures where there was a reasonable similarity in the
magnitudes of the moduli. Thus, Fig. 7 shows the angular modulus behaviours of E and G for 0°< 0 < 90 for three
groups of metals: Hf, Ti, Zr, Sc, and Y; Tm; Lu, Ho, Tb, and La; Er, Dy, Gd, Nd, Pr and TI.

E (GPa) G (GPa)
200 70
Hf 60 |- Hf
150 §_/1\— [ -
40
100 | \_/S-C\/_ m/\
\_/N/ 30 Sc
50 20 Y Y
X
3 ok X3
ol L L L L . . . . L . .
-90 -60 -30 0 30 60 90 0 -90 -60 -30 0 30 60 90
0 (degrees) 0 (degrees)
E (GPa) G (GPa)
go| Im Tm 30} Im/\/—\Tm
Lu Lu B T BT
o T~ R = o
Tb Tb 201 Tb To
4 La La [a/\/\La
10
20
X3 X3
il il
! ! ! I ! ! o L L L L L
° 90 -60  -30 0 30 60 90 90  -60 -30 0 30 60 90
0 (degrees) 0 (degrees)
E (GPa) G (GPa)
80 Er
30
— Er
s - Oy

60 - \/\’/ Gd

\/_\/Ng al
Nd
wob \/I\/ Nd
Tl
Pr Pr
10
20|
05 T X3 Tl

N N N N
—SABQI \%}(

. .
90 60  -30 0 30 60 90 -90 60  -30 0 30 60 90
0 (degrees) 0 (degrees)

Figure 7. Angular variation of E and G for Hf, Ti, Zr, Scand Y: Tm, Lu, Ho, Tb and La: Er, Dy Gd Nd Pr and La.

As a general observation, with the exception Ti and TI, E-behaviour in Fig 7 tends to exhibit a maximum on the
(0001) basal plane (i.e. when 6 is zero and N coincides with the [0001] direction) and a maximum (in most cases) on
the prismatic planes where 0 is 90°. Additionally, in most cases, E tends to exhibit a minimum value between 0°< 0
< 90° In contrast, G tends to exhibit a minimum when 0 is zero and 90°, and a maximum for 0°< 6 < 90°. In the case
of Ti and TI, the behaviours of E and G are similar, exhibiting a maximum when 0 is zero and a minimum when 0 is
90°.

The group Os, Ru, Re, Be and Co exhibit the highest moduli of all the HCP metals and their collective behaviour is
shown in Fig. 8. All show a pronounced maximum value of E on the basal plane, for which 0 is zero, and a tendency
by Ru, Re and Co to exhibit a minimum between 0°< 6 < 90. With the exception of Be, the G-behaviour exhibits a
minimum when 0 is zero and 90°, and a maximum for 0°< 0 < 90°. In the case of Be, a maximum G occurs when 0 is
zero, indicating G is highest on the basal plane. Overall, Figs 6 to 8 demonstrate a remarkably wide difference in the
maximum E values in HCP metal crystals, ranging from an extremely high value of 749.6 GPa for Os (Fig. 8) to a
low of 32.5 GPa for Tl (Fig. 7).
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Figure 8. Angular variation of E and G for Os, Ru, Re, Be and Co

The presence and precise position of an intermediate maximum or minimum E at 0 < 6 < 90 degrees in most of the

’

graphical plots in Figs 6 to 8, due to a minimum or maximum in S, was ascertained by differentiating Eq. (13) and
placing the first differential equal to zero:
0S}, 100 = 4S,,5in° 0cos O — 4S,, c0s® 0sin® + 2(2S,, + S, )(sin Ocos® 6 — cos Bsin’0) = 0
(15)
with solutions® = 0°, 8 = 90°, and tan 6 =[(S,, + 2S,; — 2S,,) /(S + 2S;5 — 25,,)]"'
Similar procedures were applied to calculate the position of intermediate maxima/minima for G at 0< 6 <90 degrees
in Figs 6 to 8, due to a minimum or maximum in S;, by placing the first differential of Eq. (14) equal to zero:
0S6 100 = (2S,, —2S;, —S,,)€0S0SiNO + 4(Sy; + Sy5 — S, — 2S,5)(sin O c0s® 6 — cos Osin® 6) =0
(16)
with solutions® =0, 6 =90°, and cos 20 =[(S,, + 2S,, — 2S;,)/ 4(S;; + Sas — Sy4y —25,5]
The E and G values at 0° and 90° are already listed under the respective basal plane heading (0001) and prismatic
plane headings (21 io) , and (0110) in Table 3. The calculated intermediate max/min values of E and G and their

corresponding angles 6 in degrees, based on Egs. (15) and (16), are listed in Table 4.
Table 4. Calculated modulus and 6 values at intermediate peak max/min for HCP crystals.

Metal | ©0° E (GPa) 0° G (GPa) Metal 0° E (GPa) 0° G (GPa)
Be . . . . Nd 53.93 38.95 (min) 4519 | 17.19 (max)
Mg | 52.11 | 42.85 (min) 46.13 17.88 (max) Gd 53.95 52.79 (min) 4556 | 22.34 (max)
Sc 51.36 | 72.63 (min) 47.12 32.11 (max) Th 54.94 54.90 (min) 46.07 | 22.91 (max)
Ti . ° ° ° Dy | 55.56 60.72 (min) 44.85 | 25.63 (max)
Co | 56.08 | 186.62 (min) | 43.83 | 81.06 (max) Ho 55.58 63.83 (min) 43.52 | 26.97 (max)
Zn 71.47 | 127.81 (max) | 41.97 28.56 (min) Er 51.60 68.14 (min) 44,78 | 28.94 (max)
Y 50.05 | 60.80 (min) | 45.08 | 26.20 (max) Tm | 41.37 69.81 (min) 47.35 | 30.60 (max)
Zr 54.38 | 91.08 (min) 46.43 38.19 (max) Lu 32.75 67.14 (min) 47.33 | 27.34 (max)
Ru 54.88 | 459.12 (min) | 46.73 | 197.01 (max) Hf 65.10 | 139.06 (min) | 39.34 | 57.18 (max)
Cd ° . 30.62 18.98 (min) Re 52.37 | 428.26 (min) | 46.70 | 188.48 (max)
La | 48.48 | 37.01(min) | 48.96 | 17.80 (max) Os 63.23 | 661.13 (min) | 44.28 | 280.08 (max)
Pr 55.69 | 34.94 (min) | 44.20 15.60 (max) TI . . . °

Based on the c/a ratio, the angle 6 between the (0001) plane and an arbitrary plane (hkil) in the hexagonal system is
given by Eq. (17) [Cullity, 1956]; with results for several planes listed in Table 5.

c0s0 = 0.75(a/c)’{0.75(a/c)*(h? + k2 + hk +0.75(a/ c)212)} 2 17)
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Table 5. Calculate angles between the (0001) and selected (hkil) planes.

Metal | c/aRatio | (1011) (1121) (1012) 1122) (1013) (2023)
HCP 0 degrees 0 degrees 0 degrees 0 degrees | O degrees | O degrees
Be 1.56803 61.09 72.31 42.15 57.47 31.11 50.36
Mg 1.6235 61.92 72.88 43.15 58.37 32.00 51.34
Sc 1.59215 61.46 72.57 42.59 57.87 31.50 50.79
Ti 1.58734 61.38 72.52 42.50 57.79 31.42 50.70
Co 1.62283 61.91 72.88 43.14 58.36 31.99 51.32
Zn 1.85635 64.99 74.93 46.98 61.69 35.55 55.02
Y 1.56986 61.12 72.33 42.19 57.50 31.14 50.39
Zr 1.59312 61.47 72.58 42.61 57.88 31.52 50.81
Ru 1.5833 61.32 72.47 42.43 57.72 31.36 50.63
Cd 1.88572 65.33 75.15 47.43 62.06 35.97 55.44
Gd 1.58791 61.39 72.52 4251 57.80 31.43 50.71
Th 1.58056 61.28 72.45 42.38 57.68 31.31 50.58
Dy 1.57382 61.18 72.38 42.26 57.57 31.21 50.46
Ho 1.56983 61.12 72.33 42.19 57.50 31.14 50.39
Er 1.52877 60.47 71.89 41.43 56.81 30.47 49.64
m 1.57932 61.26 72.43 42.36 57.66 31.29 50.56
Lu 1.57143 61.14 72.35 42.22 57.53 31.17 50.42
Hf 1.58147 61.29 72.46 42.40 57.69 31.33 50.60
Re 1.61522 61.80 72.80 43.00 58.24 31.87 51.19
Os 1.57993 61.27 72.44 42.37 57.67 31.30 50.57
Tl 1.59821 61.55 72.63 42.70 57.97 31.60 50.90
Metal | c/aRatio | (1012) (1122) (1014) (1124) (1016) (2026)
DHCP 0 degrees 0 degrees 0 degrees 0 degrees | O degrees | O degrees
La 3.22546 61.76 72.77 42.96 58.20 31.83 51.15
Pr 3.22616 61.77 72.78 42.96 58.20 31.84 51.15
Nd 3.22404 61.75 72.77 42.94 58.19 31.82 51.14

Examination of Tables 4 and 5 indicates that in most cases the intermediate minimum values of E for HCP structures
occur on planes inclined at angles of ~50° to 60° with respect to the (0001) plane, corresponding to a mix of planes

of the type (2023), (1122) and (1011). In contrast, intermediate maximum values of G occur at angles of
approximately 45° +2° corresponding to planes of the type (1012). In the case of the three DCHP metals La, Pr and
Nd, the minimum values of E are between ~48° and ~56° , near 50°, corresponding to planes near (2026) and the
maximum G values occur at angles near 46° corresponding to planes near (1014) .

3.6 Polar Diagrams of E and G.

The 6 versus E and 6 versus G graphs are useful for comparing angular variations in moduli, but polar co-ordinate
plots are more effective for assessing angular symmetry. Voigt [1928] and Wooster [1949] used compliance (S)
polar plots for the mineral Beryl and Zinc. The present study uses polar plots of the modulus (i.e. reciprocal
compliance S™) where E is treated as a vector with co-ordinates Esin® normal to the X axis and co-ordinates
Ecos6O parallel to the X3 axis. The shear modulus G is treated in the same manner. Importantly, each vector
(modulus) is normalized with respect to the modulus value at § = 90° (i.e. sin@=1) so that metals having very
different moduli may be compared in the same figure. If all crystals were perfectly symmetrical in their modulus
behaviour all polar plots would be circles with a radius of unity. Deviations from circular behaviour readily indicate
the degree and direction of anisotropic behaviour. as shown in Fig, 9 for Mg, Cd, Zn and Be, and Ti, Y, Co and Zr.
Metal groupings in this and subsequent figures were chosen to minimise overlap of individual data sets.
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(a) E data (b) G data

(a) E data

(b) G data i . n

(b)

Figure 9. Normalized polar diagrams: Mg, Cd, Zn, Be (top) and Ti, Y, Co Zr (bottom). (a) E data: (b) G data.

It is evident that anisotropy in the normalized behaviour of Cd and Zn is extreme for both E and G, whereas
Mg and Be approach a distorted circular symmetry. In the Ti, Y, Co and Zr group, Y exhibits the least anisotropy
whereas Ti, Co and Zr have significant departures from circularity of E in the X; direction. The anisotropic
behaviour of G behaviour is similar for Y, Co and Zr with Ti exhibiting a larger anisotropy in the X direction.

Figure 10 shows the modulus behaviour of Nd, Sc, Lu and La, Re and Er. The approximate circular nature of the
polar diagrams of E and G for Lu indicate it is almost isotropic in contrast to Nd and Sc which exhibit distorted
circles in the X; direction. Regarding La, Re and Er, all three show distorted circular symmetry in their E-behaviour.
However, in the case of their G-behaviour, Er approaches circular symmetry more closely.
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(a)
Figure 10. Normalized polar diagrams: Nd, Sc, Lu, (top) and La, Re Er (bottom). (a) E data: (b) G data.

Extreme departure from circularity (X5 extension) in the modulus behaviour of Tl is shown in Fig. 11.

........... TI (G data)
Tl (E data)

Figure 11. Normalized polar diagrams of La showing both E and G behaviour (direction of X5 runs left to right.)

Figure 12 shows the modulus behaviours of Os, Pr, Tm, Hf; Ho, Ru and Th, Dy Gd.
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Figure 12. Normalized polar diagrams: Os, Pr Tm Hf, (top);). Ho, Ru (middle) and Tb, Dy, Gd (bottom)
.(a) E data: (b) G data.

In the group Os, Pr, Tm and Hf, it is Tm which exhibits the most isotropic E and G behaviour. The least isotropic is
Pr with a pronounced distorted circle in the X3 direction. The normalised anisotropic behaviours of Ho and Ru are
almost identical despite the large differences in the moduli of each metal (c.f. Figs. 7 and 8). The normalized values
of the moduli for the metals Gd, Th and Dy are virtually indistinguishable. In fact they are so similar that in both the
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E and G polar diagrams, the upper right quadrant is a superposition of the data for all three metals, whereas the
lower right quadrant is Gd data, the lower left quadrant is Dy data and the upper left quadrant is Th data.

3. 7 Anisotropy Factors.

Based on the cylindrical symmetry of the polar diagrams around the X3 axis in Figs. 9-12 it appears that the most
practical and useful way of defining an anisotropy factor for each metal crystal is the ratio of the elastic moduli
(reciprocal compliances) in the X3 and X; directions, as shown in Eq. (18), based on Eqgs. (10) and (12):

fe =511 /S5 5 fo = (84 +25, - 25,,)/ 28, (18)
The resulting anisotropy factors are listed in Table 6 utilising compliances listed in Table 2. It is evident that Tl is
the most anisotropic metal, closely followed by Zn and Cd, with decreasing anisotropy in the general order Ti, Co,
Pr, Nd, Zr, Re, and Be. Generally, the fs values tend to indicate that the shear modulus exhibits less anisotropy than
the tensile modulus. [N.B. Tomé [1998] discusses other means of expressing anisotropy in terms of stiffness

constants.]
Table 6. Anisotropy factors fz and fg for hexagonal metals

Metal fe fo Metal fe fe
Be 1.202 | 1.107 Nd 1.277 | 0.997
Mg 1.117 | 0.988 Gd 1.126 | 0.995
Sc 1.179 | 0.965 Th 1.105 | 0.992
Ti 1.406 1.165 Dy 1.107 1.001
Co 1.402 | 1.022 Ho 1.087 | 1.009
Zn 0.293 | 0.796 Er 1.068 | 1.002
Y 1.072 | 0.999 m 0.955 | 0.978
Zr 1.273 | 0.977 Lu 0.966 | 0.995
Ru 1.148 | 0.983 Hf 1.166 | 1.034
Cd 0.361 | 0.765 Re 1.241 | 0.969
La 1.151 | 0.907 Os 1.125 | 1.004
Pr 1.377 | 1.015 Tl 3.286 | 1.851

4., POLYCRYSTAL BEHAVIOUR

In this section some methods are examined for estimating elastic moduli in a quasi-isotropic polycrystal aggregate
composed of randomly oriented grains whose size is small relative to the size of the polycrystal, followed by
comments on the influence of preferred orientation on polycrystal moduli.

4.1 Estimation of Polycrystal Moduli E and G.

4.1.1 .Average spherical modulus.

The behaviour of a completely randomly oriented aggregate of grains may be estimated from the compliances (S) by
determining an average tensile modulus (E,,), and average shear modulus (G,,), based on a three dimensional
summation of the angular variations of S;;and S¢ in Egs. (13) and (14)), subsequently termed the average spherical
modulus. Calculations may be conducted in two ways. The first determination of E,, and G,, is based on the
summated average of N moduli obtained from the reciprocal compliances as indicated in Eq. (19):

(i = W N A S20) s + (WS ot (U Se),

n=N ’ ’ ' (19)
(G )y = WNY X7 ALy + (AUSL) gt AL, )
The second determination of E,, and G,, is based on the reciprocal of the summated total of N compliances:
(Ea)o = W NS MU, + Syt S]] o0

(Ga)s = W NY| S ML) + (52Dt (52wl
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Although Egs. (19) and (20) are both calculated from compliances (tensors), the essential difference between them is
that Eq. (19) is dependent upon the average of a summated set of reciprocal tensors whereas Eq. (20) involves the
reciprocal average of a set of summated tensors. Obviously if the individual grains (crystals) were perfectly isotropic
Eqgs. (19) and (20) would yield identical results.

The calculation procedures for Eq. (19) involve a numerical integration of polar diagrams based on the reciprocal

compliances (S;)"and (Sg)™ which is described with reference to the 0 versus E polar diagram of Fig. 13, using

the Sc diagram in Fig 10 as an example. The integration is relatively straightforward because three dimensional
polar diagrams of HCP crystals exhibit cylindrical symmetry around the X3 axis. Consequently, all planes containing
the X3 axis are identical in shape and all planes normal to the X; axis are circular in shape but of different radius.
Finally, all planes lying above the origin normal to the X axis are mirror images of corresponding planes equidistant
below the origin. Hence, the upper part of the polar diagram is a mirror image of the lower part.

Figure 13. Polar diagram of Sc illustrating numerical integration procedures; z-axis equivalent to the X3 axis.

Consider a modulus vector E; (i.e. 1/S;,) making an angle 6; with the z-axis in Fig 13(a), where the z-axis is

equivalent to the X; axis in Fig. 10. The vector components on the x and z axes are (E;)x = E;sin(6,) and (E,), =
E;cos(0,), respectively. A second modulus vector E, in Fig.13(b) makes an angle 0, with the z-axis with vector
components (E,), = E,sin(8,) and (E,), = Excos(6,) on the x-axis and z-axis, respectively. If both vectors are rotated
360° around the z-axis two circles are formed of radius (E;), and (E,), which enclose a disc shaped volume of
average radius [(Ey)x + (E2)x)/2 and thickness Az = [(E;) - (E),] Thus, if 0 is allowed to increase from 0 to 7 radians
(i.e. 180°) in small increments of AO (~one degree) the total volume Ve of the three dimensional polar diagram is the
summation of a series of disc shaped volumes:

Ve ~ ESUED, () JUED, + (), (21)
4 &=

The average radius (E,y): of an equivalent sphere of volume Vg is readily obtained:

0er 1/3
(Ea)y = BV /4 = {(%jZKEl)Z ~(E).IE), + (EM} (22)

The value of (Ey); in (22) is equivalent to (E); in Eq. (19) and calculated results are listed in Table 7. In like
manner, (G,): in Eg. (19) is obtained from the polar diagram of G (i.e. 1/S;) using the same numerical integration

procedures to obtain a spherical average (G,,); via Eq. (23), and the resulting values included in Table 7

0mr 1/3
Gy )y = Vg /4" = {(%jZ[(GoZ ~(G,),I(Gy), + (GZ)X]Z} (23)

Subsequently, the values of (E,), and (G,). in Eqg. (20) were determined from polar diagrams of the compliance
vectors S;, and S, using similar numerical integration procedures to those described for Egs. (22) and (23) to

obtain the average compliance radius, (S;;), and (Sg), . of a sphere having the same volume as the three
dimensional polar diagram of compliances. Thus, 1/(S3),, =(E,), and 1/(S,,),, =(G,,),. and their values are
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listed in Table 7, together with the mean average spherical modulus E,,, =[(E,), +(E,),]/2 and
Grean =1(G,,); +(G,,),1/2. Note that a comparison of Tables 6 and 7 indicates that metals with anisotropy factors

exhibiting the largest deviations from unity also tend to have the largest differences between (E,,); and (Ea)2, and
between (Ga,): and (G,y), (e.9. Zn, Cd and TI).

Table 7. Polycrystalline modulus estimations based on spherical averages.

Metal (Eav)l (Eav)z Emean (Gav)l (Gav)Z Gmean Vmean Kmean

(Gpa) (GPa) (GPa) (GPa) (GPa) (GPa) (GPa)
Be 313.10 | 309.9 | 311.49 | 150.50 | 150.2 | 150.33 | 0.036 111.9
Mg 44,58 44.4 44.50 17.27 17.2 17.25 0.290 35.3
Sc 77.54 76.9 77.20 30.44 30.3 30.36 0.271 56.2
Ti 11460 | 1117 | 113.17 | 42.81 425 42.65 0.327 108.9
Co 202,50 | 198.1 | 200.29 | 75.75 75.1 75.43 0.328 193.7
Zn 109.15 73.3 91.20 38.04 34.2 36.13 0.262 63.9
Y 63.06 62.9 62.99 25.32 25.3 25.30 0.245 41.2
Zr 97.28 96.1 96.67 36.25 36.1 36.17 0.336 98.4
Ru 47595 | 474.0 | 47497 | 190.78 | 190.5 | 190.62 | 0.246 3115
Cd 66.06 50.7 58.36 22.10 21.3 21.72 0.344 62.3
La 41.14 40.4 40.78 16.52 16.3 16.44 0.241 26.2
Pr 37.82 37.1 37.44 14.58 14.5 14.52 0.289 29.6
Nd 41.75 41.2 41.48 16.18 16.1 16.13 0.285 32.2
Gd 54.61 54.4 54.51 21.64 21.6 21.62 0.260 37.9
Th 56.35 56.2 56.28 22.37 22.3 22.36 0.259 38.9
Dy 62.26 62.1 62.19 25.00 25.0 24.98 0.245 40.6
Ho 65.16 65.1 65.11 26.38 26.4 26.37 0.235 40.9
Er 69.95 69.8 69.90 28.20 28.2 28.18 0.240 44.8
m 73.46 73.14 73.30 29.51 29.7 29.59 0.238 46.7
Lu 68.44 68.4 68.42 27.15 27.1 27.15 0.260 47.6
Hf 143.06 | 1424 | 142.73 | 55.63 55.6 55.59 0.284 110.0
Re 460.76 | 455.1 | 457.92 | 177.63 | 176.5 | 177.09 | 0.293 368.6
Os 675.65 | 673.9 | 674.75 | 275.24 | 274.8 | 275.02 | 0.227 411.6
Tl 16.67 12.0 14.35 4.77 4.4 4.58 *0.565 | Invalid
Tl *12.0 *4.4 *0.364 | *14.7

*Invalid value, v must be <0.5. *Based on assumption that (E,,), and (Ga,), play dominant roles.

For an isotropic material the Poisson ratio v and the bulk modulus K are given by standard relationships in Eq. (24)
[e.g. see Hibbeler, 1997]:
V= £ -1 K= E = EG

2G 31-2v (9G-3E)
Based on Eqean and Grean Values, the Poisson ratio and bulk modulus calculated from Eq. (24) are included in Table
7, from which it is evident that sensible values are obtained for all metals except Tl where they are invalid (i.e. v is >
0.5 and K is negative). This is perhaps not too surprising considering the large anisotropy factors for Tl in Table 6.
Therefore (Eay). and (Ga), must play the more dominant roles in determining the spherical behaviour of TI.
Consequently, if Eqpean and Gpean are replaced by (E.y), and (Gay)» the Poisson ratio and bulk modulus of TI exhibit
sensible values, as shown on the last line of Table 7.

(24)

4.1.2 .Voigt and Reuss Analyses.

Commencing with the pioneering studies of Voigt in 1889 there has been ongoing interest in determining a general
numerical relationship between monocrystal elastic constants of all crystal classes and the moduli of their respective
quasi-isotropic polycrystal aggregates. Voigt [1889] based his analysis on the stiffness constants C,,, and the
assumption that homogeneous strain was maintained throughout the stressed poly crystal in all directions (also see
summary on pages 962-963 in Voigt [1928]). In this manner, via three dimensional integration, he derived general
equations applicable to all crystal classes for two moduli; (i) the bulk modulus K involving volume change without
shape change, and (ii) the shear modulus G which involves shape change without volume change. The value of
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Young’s modulus E, involving both shape and volume change was obtained by rearrangement of Eq. (24) applicable
to isotropic materials i.e. E, =(G+3K)/9KG. The general forms of the resulting moduli are shown in Eq. (25)

using the subscript V to denote Voigt’s analysis;
K, =(c+20)/3 G, =c,; E, =(c,)c+2c)/(c,+c,) (25)

where c=(3A+2B+4I')/5; c=(A+4B-2I)/5, c¢,=(A-B+3)/5 c,=(c—c))/2
3A=C,;+C,,+C,;; 3B=C,+C;,+C,; 3=C,, +C +C, .
After substituting for c, ¢, ¢, A, B and T, together with the six independent elastic stiffness constants for hexagonal
crystal structures in Eq. (8), the HCP polycrystal moduli are obtained in terms of the C,,, in Eq. (26) and listed in
Table 8:

Ky =(A+2B)/3=(2C,, +C,;; +4C;; +2C;,)/9

G, =(A-B+3I)/5=(3.5C,, +C,; —2C,, —2.5C,, +6C,,) /15
_(A=B+3N(A+2B) (3.5C,, +C,; — 2C,; — 2.5C;, +6C,,)(2C,, + Cy; + 4C,; + 2C,,)

&= (2A+3B+I) 3(4.5C,, + 2C,, + 6C,, + 2.5C,, + 2C,,)
In a later study, Reuss [1929] calculated the bulk elastic modulus K and the shear modulus G of a polycrystal based
on the compliances S, and the assumption that homogeneous stress was maintained throughout the stressed poly
crystal in all directions. This analysis, involving a three dimensional integration, was examined by Hill [1952] and
Gebrande [1982] and shown to lead to Eq. (27) applicable to all classes of crystals where the subscript R refers to
the Reuss analysis:

(26)

Kg =1/(3a+6B); Gr=5/(4o—4B+3L): Eg=(9KgGr)/(BKy+Gy) @7)

and 3o0=5,;+S,, +Sy;; 3PB=S,;+5;+S,: 3A=S,,+S,+S5.

After substituting for a, B, and A in Eq. (27), together with the six independent compliances for hexagonal crystal

structures in Eq. (8), the HCP polycrystal moduli are obtained in terms of the S, in Eq. (28), and listed in Table 8:
Kg =1/(2S,; + Sz, + 4S5 + 2S,)
Gy =15/(14S,, +4S,, -8S,; —10S,, +6S,,) (28)
Es =15/(8S,; +3S;; +4S,; +2S,,

Table 8. Results of Voigt (V) and Reuss (R) analyses of moduli (K, G, and E)and combined Voigt-Reuss (V-R) averages.

Kv-r Gvr Evr VVR
Metal K\/ G\/ Ev KR GR ER
GPa) | (GPa) | (GPa) | (GPa) | (oPa) | (py) | G | (©GPa) | (GPa)
Be 11167 | 15180 | 31339 | 11099 | 15027 | 31062 | 11133 | 1510 | 3120 | 0033
Mg 3523 1736 | 4473 | 3526 1724 | 4448 | 3525 173 246 0.289
Sc 5584 | 3085 | 7815 | 5590 | 3034 | 77.07 | 5587 306 776 0.268
Ti 10500 | 4420 | 11628 | 10526 | 4259 | 11258 | 10513 | 434 1144 | 0319
Co 18744 | 7827 | 20641 | 18727 | 7532 | 19926 | 187.36 | 763 2027 | 0320
Zn 7267 | 4661 | 11520 | 5945 | 3531 8843 | 66.06 410 1018 | 0243
Y 1123 25.49 6340 | 4112 2529 | 6296 | 4118 254 632 0.044
Zr 96.67 36.76 97.87 96.25 | 3614 | 9636 | 96.46 36.4 971 0.332
Ru 31089 | 19163 | 47691 | 31095 | 19056 | 47471 | 31092 | 1911 | 4758 | 0245
cd 59,21 25.67 6728 | 4883 | 2158 | 5642 | 5402 236 618 0.300
La 25.96 1695 | 4176 | 25.95 1641 | 4065 | 2595 16.7 112 0.235
Pr 28.82 1505 | 3846 | 2884 1450 | 3726 | 2883 148 379 0.281
Nd 3179 1653 | 4227 3178 1612 | 4136 | 3L78 163 118 0.281
Gd 3785 | 2175 | 5475 | 3786 | 2162 5449 | 37.86 220 54.6 0.241
o 38.81 22.43 56.41 3876 | 2235 | 5625 | 38.9 224 56.3 0.258
Dy 2053 29.07 7038 | 4052 2498 | 6216 | 4053 270 663 0.026
Ho 20.87 2645 | 6527 | 4085 | 2636 | 6509 | 4086 26.4 652 0.234
Er 2468 | 2832 7013 | 2452 2818 | 6981 | 4460 282 700 0.239
m 26.39 29.91 7386 | 4517 2969 | 7325 | 46.08 298 736 0.234
u 2770 | 2716 6848 | 4760 | 2715 | 6843 | 4765 272 685 0.261
Hi 10856 | 5601 | 14338 | 10858 | 5558 | 14244 | 10857 | 558 1429 | 0281
Re 36500 | 18070 | 46531 | 36550 | 17690 | 45608 | 36525 | 1788 | 4611 | 0.290
Os 41222 | 27553 | 67599 | 41156 | 27484 | 67440 | 411.89 | 2752 6752 | 0227
TI 36.26 6.20 17.61 36.34 .49 1294 | 3630 53 153 0.428

Hill [1952] concluded that both the Voigt and Reuss were approximations because the forces between the grains
could not be in equilibrium with Voigt’s [1889] assumption of constant strain, whereas in the Reuss [1929] model
the distorted grains could not fit together under the assumption of homogeneous stress. Hence, from a consideration
of the energy densities, Hill [1952] determined that the Voigt moduli (Ey and Gy) should exceed the Reuss moduli
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(Er and Gg), consistent with Table 8, and the true values should lie between these two bounds. This led to Hill
(1952) suggesting a mean value between the two could be a good approximation. Consequently, the mean values
(Voigt+Reuss)/2 are listed in Table 6 with subscripts V-R. (N.B. The calculated K. for diamond is ~458 GPa,
based on Hearmon’s [1979] elastic constants. This compares with a Ky.r of ~412 GPa for Os. Hence, osmium has an
elastic hardness approaching diamond and much interest has been shown in the similarity and difference in
compressibility (reciprocal K) between the two elements [Hebbache and Zemzemi 2004]).

Comparison of Tables 7 and 8 shows that there is a generally good agreement between the Epean, Gmean @Nd Kiean
moduli obtained via the spherical analysis method and the mean Ey.r, Gy.r and Ky.z moduli obtained via the Voigt-
Reuss analyses. The exception is Tl where, even though the Eean and Gpean Values are comparable to the Ey.z, and
Gv.r, the Vinean and Kiean are invalid.

Other analyses of note concerning polycrystal behaviour are those by Huber and Schmid [1934] and Boas and
Schmid [1934]. Their analyses are more complex to use than those of Voigt [1889] in Eq. (26)) and by Reuss [1929]
in Eq. (28). However, the results of Boas and Schmid [1934] indicate their E and G values for Mg, Zn and Cd are
near to and slightly less than those obtained by the Voigt analysis. Ledbetter [1990] has provided critical comment
on these and lesser used methods to estimate randomly oriented polycrystal behaviour. Overall, it appears that the
most useful procedures are the Voigt-Reuss analyses combined with Hill’s [1952] averaging method.

4.1.3 Polycrystal C and S matrices.

For a truly random aggregate of grains the HCP monocrystal matrices in equation (8) should be replaced by
isotropic matrices which have only two independent stiffness constants and two independent compliances [Nye,
1985] as indicated in Eq. (29):

CuCpCpe o o S1S,S,0 o e
CpCyCpe o o S1p Sy S0 0 e
CpCpCpe o o S;; S S0 0 e (29)
e o o (C, o o e o o 544 o o
e o o o C, o e o o o 844 °

e C, |© o o o 0844_
C44=(011_C12)/2 S44=2(811_812)

Clearly, 1/G =S44=2(S11-S1»), and since S;;=1/E, then S;,= (1/E)-(1/2G) and the stiffness constants may be obtained
via matrix inversion. This been done, based on the Ey.g and Gy.g moduli in Table 8, and the results listed in Table 9.

Table 9. Compliance and stiffness constants for polycrystals having a randomly oriented aggregate of grains.

Metal Su Siz Sas Cu Cu Cu
(TPa)™ (TPa)™ (TPa)* (GPa) (GPa) (GPa)
Be 3.21 -0.11 6.62 312.71 10.64 151.04
Mg 22.42 -6.49 57.80 58.36 23.76 17.30
Sc 12.88 -3.46 32.69 96.66 35.47 30.59
Ti 8.74 -2.78 23.04 162.95 76.17 43.39
Co 4.93 -1.58 13.02 289.69 136.10 76.80
Zn 9.82 -2.38 24.41 120.59 38.67 40.96
Y 15.83 -3.87 39.39 75.03 24.25 25.39
Zr 10.30 -3.42 27.44 145.05 72.15 36.45
Ru 2.10 -0.51 5.23 565.69 183.49 191.10
Cd 16.17 -5.00 42.34 85.51 38.27 23.62
La 24.27 -5.71 59.96 48.19 14.83 16.68
Pr 26.41 -7.42 67.67 48.52 18.97 14.78
Nd 23.92 -6.71 61.26 53.54 20.90 16.32
Gd 18.31 -4.75 46.12 66.76 23.40 21.68
Th 17.75 -4.58 44,66 68.64 23.86 22.39
Dy 15.09 -3.41 37.00 76.37 22.32 27.02
Ho 15.34 -3.59 37.87 76.07 23.25 26.41
Er 14.29 -3.41 35.40 82.26 25.77 28.25
Tm 13.60 -3.18 33.55 85.82 26.21 29.80
Lu 14.61 -3.81 36.83 83.85 29.55 27.15
Hf 7.00 -1.96 17.92 182.96 71.37 55.80
Re 2.17 -0.63 5.59 603.61 246.01 178.80
Os 1.48 -0.34 3.63 778.81 228.43 275.19

Tl 65.48 -28.03 187.03 42.55 31.85 5.35
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4.2 Preferred Orientation.

In practice, it is difficult to obtain an ideally randomly oriented crystalline aggregate. Initial departures from
randomness may occur during solidification due to differences in crystal growth directions. Subsequent metal
working processes, such as rolling, extrusion, annealing and recrystallization, provide other mechanisms for the
formation of preferred orientation textures. Typical textures developed during metal processing of HCP metals have
been discussed by Rollet and Wright [1998] and Wang and Huang [2003]. Examples of studies on specific metals
include those on Be [Brown et al. 2005], Zn [Solas et al. 2001], Mg [Agnew et al 2001], Gehrmann et al.2005], and
Ti [Balasubramanian and Anand 2002, and Zaefferer 2003]. In general, much work has been conducted on the
effects of processing temperature and plastic deformation modes (slip and twinning) on texture development,
especially for the control of directional ductility and yield stress in engineered products. Little experimental
information is available on the anisotropic elastic behaviour of textured polycrystals and when preferred orientation
effects are present the Voigt-Reuss analyses for complete randomness in Table and 8 are of are of limited
application.

Based on the polar diagrams in Figs. 9 to 12 and the anisotropy factors in Table 6, it is possible to make some
general comments on the effects of texture on elastic anisotropy of HCP polycrystals. First, the metals with polar
diagrams which most approach circularity with an anisotropy factor close to unity should experience smaller
directional variations in the resulting elastic moduli, E and G, as result of metal processing. These include Mg and
Y. In contrast, metals with significant departures from circularity, and anisotropy factors much less or greater than
unity, are likely to experience considerable directional variations in their elastic moduli as a result of processing. In
particular, these include Zn and Cd. Important metals such as Be, Ti Zr and Co are likely to experience some
variations in their polycrystal moduli, but not to the same extent as Zn and Cd.

If a strong texture is present it is possible to anticipate some elastic anisotropy effects. Extruded rods of hexagonal
metals such as pure Ti often exhibit a cylindrical symmetry fibre texture where the basal plane poles (i.e. [0001]) of
the grains are perpendicular to the extrusion axis [Rollet and Wright, 1998]. Consequently the tensile modulus along
the extrusion axis E,s should approach that of the modulus normal to the prismatic planes of the monocrystal ~1/S;
(~104 GPa from Table 2). Cold rolling textures in sheet metals such as Zn and Cd with c/a ratios >1.633 tend to
have the basal poles [0001] tilted + 15° to 25° from the normal to the rolling plane (RP) towards the rolling direction

(RD) and [1120] poles aligned with the RD [Rollet and Wright 1998]. Consequently, Young’s modulus Erp, in the

transverse direction (TD) should approach that on the prismatic planes of the monocrystal (i.e. 1/Sy;) and Egp should
approach that of a plane whose normal is inclined ~70° to the X; axis of the monocrystal (see Figs 5 and 6, and Eq.
13). The shear modulus Ggp on the RP should approach that of a plane whose normal is inclined ~20° to the X; axis
of the monocrystal (see Fig. 6 and Eq. (14). Resulting estimated values of E+p, Erp and Ggp are listed in Table 10.

Table 10. Estimated moduli of cold rolled textured sheet.

Metal Erp (GPa) Erp (GPa) Gre (GP3) | Erp-Evr Erp-Evr Grr-Gv.r
(GPa) (GPa) (GPa) (GPa) (GPa) (GPa)
Zn 124 127.7 36.8 +22.2 +25.9 -4.2
Cd 82.0 74.5 19.2 +20.2 +12.7 -4.4
Mg 454 454 16.4 +0.8 +0.8 -0.9
Co 200.4 200.4 71 -2.3 -2.3 -5.8
Zr 91.5 98.1 36.7 -5.6 +1.0 +0.3
Ti 108.8 104 45.8 -5.6 -9.4 +2.4
Hf 139.3 139.9 56.9 -3.6 -3.0 +1.1

Cold rolling of Metals with c/a ratio close to the ideal value of 1.633, such as Mg and Co in Table 1, tends to form
[0001] textures where the basal plane lies in the RP [Rollet and Wright 1998]. Consequently, both Erp and Egp
should approach the modulus on the prismatic planes of the monocrystal, 1/S;; = 1/S,,, and Gge should approach the
shear modulus on the basal plane, 1/S,4. The resulting values are listed in Table 10. For metals with c/a ratios such
as Zr, Ti and Hf , with c/a ratios <1.633, the basal poles are tilted £20 to 40 degrees away from the normal to the
sheet by a rotation around the rolling direction (RD), where the [1010] poles coincide with the RD [Rollet and
Wright 1998]. Consequently Erp should approach that of the prismatic plane of the monocrystal (~1/S;;) and E1p
should correspond to that of a plane whose normal is tilted ~60° from the X direction in Fig. 7. The Ggp should
correspond to a plane whose normal is tilted ~ 30° from the X; direction. Estimated values are listed in Table 10.
The differences between the estimated texture moduli and the corresponding Voigt-Reuss (V-R) in Table 8 are also
listed in Table 10.
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It is evident from Table 10 that the influence of texture on elastic moduli is most pronounced for Zn and Cd,
significant for Ti, somewhat significant for Co, Zr, Ti and Hf, and least for Mg. The magnitude of the differences in
moduli produced by texture effects in Table 10 are within the ranges of experimental study via sensitive dynamic
modulus measurements [Wolfenden 1990]. Such techniques could be usefully applied more widely to the study of
preferred orientation and texture development.

5. CONCLUSIONS

As a group, the HCP metals cover a wide range of atomic numbers and exhibit a broad spectrum of elastic properties
extending from low shear modulus (G) and low Young’s modulus (E) to high G and E values, together with a range
of bulk moduli varying from the elastically soft (low K) to the elastically hard (high K). The cylindrical symmetry of
the HCP crystal structure lends itself well to the calculation and graphical representation of the anisotropic
dependence of monocrystal E and G moduli on crystallographic direction. The anisotropic elastic behaviour of the
monocrystal exerts its influence on the elastic behaviour of polycrystals and, under well characterized preferred
orientation (texture) conditions, the anisotropy of E and G in the textured polycrystal may be estimated.
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